Introduction {#Sec1}
============

The Isomorphism Problem and Invariants {#Sec2}
--------------------------------------

The approaches to solving the isomorphism problem are of major importance for the success of computer-aided classifications up to isomorphism of various combinatorial structures, such as graphs, designs, design resolutions, codes, Hadamard matrices, etc. Since the number of isomorphic solutions might be extremely big, classification is usually impossible without an efficient method for their rejection. Many authors consider this problem (recently \[[@CR1], [@CR8], [@CR9], [@CR17], [@CR19], [@CR21], [@CR24]\]) and software solving it is available, for instance \[[@CR4], [@CR23], [@CR25], [@CR32]\]. Regardless of the difference in methods, they all make use of suitable invariants, namely functions which yield the same value for all members of an isomorphism class. An invariant is *complete* if its value is provably different for members of different isomorphism classes. The invariants that are usually applied are not complete. Structures with different invariants, however, can obviously not be isomorphic to each other, and this is very useful. The *sensitivity* of an invariant is measured by the ratio of the number of classes it distinguishes to the number of non-isomorphic objects under consideration \[[@CR10]\]. A complete invariant has sensitivity 1. In a less formal manner, an invariant with relatively high sensitivity is called *sensitive*. Very often, however, sensitive invariants need considerable time to be calculated, and a considerable amount of memory to be stored.

The present paper describes invariants of design resolutions and parallelisms of projective spaces. These invariants are quite simple. They can be calculated and compared relatively fast and do not need much memory to be stored. We do not know previous papers presenting them. We show their effectiveness on some of our recent classifications of parallelisms with a predefined automorphism group. The invariants are used after the rejection of most of the isomorphic solutions by a normalizer-based minimality test (NM test). We present the main principles of such a test and point out the cases in which it may not establish that two parallelisms are isomorphic, and therefore the calculation of good invariants might be very helpful.

Design Resolutions and Parallelisms of Projective Spaces {#Sec3}
--------------------------------------------------------

The basic concepts and notations concerning designs and resolutions, and spreads and parallelisms in projective spaces, can be found, for instance, in \[[@CR14], [@CR16], [@CR38]\].

A *t*-*spread* in the projective space *PG*(*n*, *q*) is a set of distinct *t*-dimensional subspaces which partition the point set. A *t*-*parallelism* is a partition of the set of *t*-dimensional subspaces by *t*-spreads. Usually 1-spreads and 1-parallelisms are called line spreads (parallelisms) or just spreads (parallelisms). There can be line spreads and parallelisms if *n* is odd. Two parallelisms are *isomorphic* if there exists an automorphism of the projective space which maps each spread of the first parallelism to a spread of the second one.
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                \begin{document}$$\lambda =1$$\end{document}$ the design is called a *Steiner 2-design.* A *parallel class* is a partition of the point set by blocks. A *resolution* of the design is a partition of the collection of blocks by parallel classes. Two resolutions are *isomorphic* if there exists an automorphism of the design which maps each parallel class of the first resolution to a parallel class of the second one.

### Proposition 1 {#FPar1}

\[[@CR37], 2.35-2.36\] The incidence of the points and *t*-dimensional subspaces of *PG*(*n*, *q*) defines a 2-design. There is a one-to-one correspondence between the *t*-parallelisms of *PG*(*n*, *q*) and the resolutions of this design.

### Example 1 {#FPar2}

**A parallelism of** *PG*(3, 2). The projective space *PG*(3, 2) has 15 points and 35 lines with 3 points each. A parallelisms has 7 spreads consisting of 5 disjoint lines. The point-line incidence defines a 2-(15, 3, 1) design (Fig. [1](#Fig1){ref-type="fig"}) whose points and blocks correspond respectively to the points and lines of the projective space. The parallelisms of *PG*(3, 2) correspond to resolutions of this design (Fig. [2](#Fig2){ref-type="fig"}).Fig. 1.*PG*(3, 2) - the point-line incidence defines a 2-(15, 3, 1) design Fig. 2.A parallelism of *PG*(3, 2) - a resolution of the 2-(15, 3, 1) point-line design. The 7 spreads correspond to the 7 parallel classes $\documentclass[12pt]{minimal}
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There are several theoretical constructions of infinite families of parallelisms that are presently known \[[@CR2], [@CR7], [@CR11], [@CR15], [@CR28], [@CR42]\]. A full classification is available in *PG*(3, 2) and *PG*(3, 3) \[[@CR3]\], but it is currently out of reach in the other projective spaces. There are computer aided classifications of parallelisms with predefined automorphism groups \[[@CR5], [@CR6], [@CR13], [@CR29]--[@CR31], [@CR34], [@CR36], [@CR39]--[@CR41]\].

The Present Paper {#Sec4}
-----------------

Section [2](#Sec5){ref-type="sec"} briefly describes the specifics of the classification problem for parallelisms and the approach that we have used in several recent works. One of the major difficulties in all these cases is the final test for isomorphism of the obtained parallelisms. Since parallelisms can be considered as resolutions of the point-line design of *PG*(*n*, *q*), Sect. [3](#Sec6){ref-type="sec"} is devoted to invariants of design resolutions. The invariants that we offer, are fast to calculate, do not need too much memory to store, and partition the parallelisms to numerous invariant classes. Section [4](#Sec7){ref-type="sec"} is a comment on their further usability for the classification of parallelisms with bigger parameters, and on their applicability to other problems.

Computer-Aided Classification of Parallelisms {#Sec5}
=============================================

The software for construction of parallelisms is based on the exhaustive backtrack search techniques. A lexicographic order can be defined both on the parallelisms, and on the partial solutions. This allows the rejection of partial solutions which are not minimal with respect to the lexicographic order. Such a technique for classification of various combinatorial structures is known as *orderly generation* \[[@CR12]\], \[[@CR21], chapter 4\], \[[@CR33]\]. One way to implement the method is by applying a ***minimality test*** to some of the partial solutions and to all full solutions.
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                \begin{document}$$N (G_c)= \left\{ g\in G ~|~ g G_c g^{-1} = G_c\right\} $$\end{document}$ contains an element which maps the constructed (partial) parallelism to a lexicographically smaller (partial) solution. If so, the current (partial) solution is discarded. We briefly explain below how the normalizer can help us remove isomorphic solutions.

Proposition 2 {#FPar3}
-------------
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Proof {#FPar4}
-----

The statement was first proved in \[[@CR31]\] for parallelisms of *PG*(3, 5) with automorphisms of order 31. We present here the main ideas for the general case. Denote by $\documentclass[12pt]{minimal}
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If the predefined group is not a Sylow subgroup of *G*, the normalizer-based minimality test may not succeed in removing all isomorphic parallelisms. That is why a further test for isomorphism must be applied.

Our experience shows that a very small number of isomorphic parallelisms remain if an NM test has been applied to them. In \[[@CR40]\] and \[[@CR41]\] we classify parallelisms with predefined groups which are of prime order, but not Sylow, and observe that the NM test removes all isomorphic solutions. Constructing parallelisms of *PG*(3, 4) invariant under cyclic groups of order 4 \[[@CR6]\] we obtain 253344 parallelisms after the NM test, and 252738 after a full test for isomorphism, i.e. the latter removed $\documentclass[12pt]{minimal}
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If the number of parallelisms is big, we can first determine the order of their full automorphism groups. Whatever algorithm or software we use for that purpose, invariants of the points, lines and spreads of the parallelism might be very helpful, because only points (lines, spreads) with the same invariants can be mapped to one another. When we know the full automorphism groups, we can look for isomorphisms only among parallelisms with $\documentclass[12pt]{minimal}
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                \begin{document}$$|G_P|>|G_c|$$\end{document}$. In the cases that we have considered, the percentage of these parallelisms is very small. Their number, however, might be quite big, and therefore it might be very slow to test for isomorphisms any two of them. If we can easily calculate sensitive invariants of the parallelisms, we can only check for isomorphisms among parallelisms with the same invariants.

Parallelisms can be considered as resolutions of the point-line design of the projective space. The next section presents the invariants we use, as invariants of resolutions of Steiner 2-designs, because we believe that they can also have various applications outside the parallelisms classification problem.

Invariants of Resolutions and Parallelisms {#Sec6}
==========================================

Resolutions of designs with small parameters have been classified in many papers (for instance, \[[@CR20], [@CR22], [@CR26], [@CR27]\]). The invariants that are usually used, are the order of the automorphism group and some properties of the underlying design.

The resolution isomorphism problem can be transformed to graph isomorphism problems (for instance, Betten's approach in \[[@CR5]\]). This makes it possible to use Nauty \[[@CR25]\] or some other graph isomorphism software \[[@CR4], [@CR18], [@CR23], [@CR32]\], and to use graph invariants to distinguish resolutions in a way similar to that for designs (for example, \[[@CR22], [@CR24]\]). These invariants, however, do not take in consideration the fact that we deal with resolutions and are therefore quite complex.

Invariants of resolutions (not of their underlying design, or related graph) are used in the works of Morales and Velarde \[[@CR26], [@CR27]\] and Kaski et al. \[[@CR20]\] who construct matrices of the intersections between the parallel classes. The invariants and their usage are different from those that we describe. Invariants of resolutions of 2-(*v*, 3, 1) designs (Kirkman triple systems) are applied by Stinson and Vanstone in \[[@CR35]\]. They are defined by a function which maps 3-subsets of points to 3-subsets of parallel classes and are different from the invariants we present.

Our first aim is to describe the relation of each block to each resolution class. Consider a resolution of a 2-$\documentclass[12pt]{minimal}
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---------

**Parallelisms of** *PG*(3, 4). They can be considered as resolutions of the 2-(85, 5, 1) point-line design. There are 21 parallel classes with 17 blocks each. Table [1](#Tab1){ref-type="table"} presents three of the parallel classes of a resolution with automorphism group order 960. The blocks are given by their points.Table 1.Three parallel classes of a resolution of a 2-(85, 5, 1) design.$\documentclass[12pt]{minimal}
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We next calculate the point invariants and establish that $\documentclass[12pt]{minimal}
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Interested readers can obtain the whole example using the invariant calculation C++ source available at [http://www.moi.math.bas.bg/moiuser/\~stela](http://www.moi.math.bas.bg/moiuser/%7estela) and the example files going with it.
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The most complex part of the invariant calculation is the determination of the block invariants $\documentclass[12pt]{minimal}
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Example 3 {#FPar6}
---------
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Comments {#Sec7}
========

Our experience with classification of parallelisms with predefined automorphism groups, shows that the normalizer-based minimality test is a powerful fast way of filtering away most of the isomorphic solutions.The invariants presented in Sect. [3](#Sec6){ref-type="sec"} are very useful for the classification of the parallelisms we applied them to, because they partition them to numerous small invariant classes. We believe that they will be helpful to future classifications of parallelisms with bigger parameters too.We suppose that these invariants will work well on the resolutions of any 2-(*v*, *k*, 1) design (Steiner 2-design). For resolutions of designs with $\documentclass[12pt]{minimal}
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                \begin{document}$$\lambda \ne 1$$\end{document}$, however, modifications of the block invariants might be more suitable, such that the exact number of common points of two blocks is encountered (not only if these blocks are disjoint or not).
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